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The optimal control problem for multiple beds i s  formulated and a distributed maximum 
principle derived. Grodient methods are then used to synthesize the optimal control policies 
for some examples in three-bed isothermal and adiabatic reactors. Finally, examples are 
worked to illustrate the computationol algorithm in odiabatic beds when optimal catalyst 
loading is to be determined, and when i t  is  desired to distribute the feed in an optimal fashion 
between the beds. Reasonably good convergence was obtained in all the examples, so that the 
method oppears quite feasible for determining optimal control policies in multiple reactors 
subject to catalyst decay. 

The optimal control of single-bed tubular reactors sub- 
ject to catalyst decay has been treated in reference 1,’ and 
an effective computational algorithm based on a distributed 
maximum principle demonstrated. However, many of the 
commercial processes cited in I are commonly carried out 
in multiple-bed reactors with interstage heating or cooling 
for better reaction temperature control and interstage feed 
distribution to provide better selectivity or yield control. 
Owing to the significance of this type of process, we shall 
extend the theory and computational algorithms of I to 
the case of multiple beds operated in a semiregenerative 
manner. t 

First we shall define the multiple-bed reactor optimiza- 
tion problem clearly and extend the maximum principle 
developed in I to cover this case. Then we shall work out 
in detail examples to demonstrate both the generality of 
the algorithm and the efficiency of the gradient method 
when applied to multiple beds. 

THE MULTIPLE-BED REACTOR 

In modeling our multiple-bed reactor we shall assume 
the total length to be L‘ with a finite number of discon- 
tinuities f f k  which represent the points of separation be- 
tween the beds. If we assume that at any discontinuity k 
we are free to add component i, then q’ik represents the 
feed rate of component i added at discontinuity f f k .  In this 
case the rate of change of component i due to reaction in 
reactor k is 

( 1 )  
i = l , 2  , . . . . .  r k = l , 2  , . . . . .  N + 1  

( i ( Q k + ,  f) = h ( q ’ l j >  t m ( Q k - ,  t ’ ) )  (2)  
where Equation (1)  shows the effect of increasing by 
interstage feeds the total material reacting, and Equation 
(2)  is a blending equation which determines the feed to 
the next section of reactor. Note that we have allowed a 
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* Henceforth denoted as I. 

t A semiregenerative mode of operation is one in which all reactors 
are shut down and regenerated at once at the end of the catalyst life. 

feed q i N + l  after the Nth reactor. This was done to allow for 
the possibility that bypassing some of the feed may be 
optimal, for example, when the blending Equation (2 )  is 
highly nonlinear. In a similar way we may write equations 
for temperature and pressure variations in the spatial direc- 
tion. 

As in I we shall assume that the change of the Fh catalyst 
activity at any point is given by 

where the initial catalyst activity may be set as 

These equations can be put in the form 

x i ( f f k + ,  t )  = h i ( q l ,  xj(CXk-, t ) )  k = 1, 2, . . N -k 1 
(6) 

where Equation ( 5 )  is most general form of Equation 
( 1) .  Similarly Equations (3)  and (4) can be generalized 
to 

-gj(x,y,uk) O L Z L 1 ,  O L t ” l  (7) aYj  

yj(z,O) = q ( z )  

- _  
at 

i = 1,2, . . . q ( 8 )  
where both spatial and temporal directions have been 
normalized. The reactor configuration is shown in Figure 1. 
The state variables now are x and y and our controls are 
interior controls in the kth bed uk (temperatures, etc.), 
catalyst loading w, and feed at kth bed qk. Now that we 
have described the multiple-bed model, let us develop a 
maximum principle for solving the optimization problem. 

T H E  OPTIMIZATION PROBLEM 

The optimization problem is as stated in Equation (7)  
of I, where we assume that the optimal run time can be 
determined separately by a univariate search on 6. Thus 
our problem is to determine the control policy (for a fixed 
value of 0) which maximizes the objective functional 

1 1 

= J Gi(xi(L t ) ,  qJdt + 1 Gz(yj(z, 11, Wj)dz 
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where GI accounts for the value of product concentrations, 
heat credits for exit temperatures, feed costs, etc.; Gz ac- 
counts for catalyst cost, salvage value of the spent catalyst, 
etc.; and G accounts for heating and cooling costs, etc. The 
maximization of Equation (9) is subject to constraint Equa- 
tions ( 5 )  to (8) being satisfied as well as upper and lower 
bounds on the control variables. In order to provide a 
theory for such problems we shall provide a weak maxi- 
mum principle. 

Theorem 
In order for the controls Uk, w, q1 to be optimal controls 

for the problem given by Equations (5)  to (9), it is 
necessary for all unconstrained u k  ( z .  t )  that* 

vanish almost everywhere on 0 L z 6 1, 0 6 t 5 1, and 

H = G + hi fi + pj gj (11) 

to be a maximum with respect to u k ( z ,  t )  at constraints. 
For uk ( z )  the conditions 

s,' -dt :: = O  

1 
for unconstrained u k ( z )  and Hdt being a maximum 
for constrained u k ( z )  must hold. Similarly for U k ( t )  the 
conditions 

s,' dz = 0 

1 

for unconstrained uk(t) and 
with respect to constrained u k  ( t )  must hold. 

Hdz being a maximum 

In addition, for ql to be optimal it is necessary that 

for unconstrained ql and 

N 

-k hi(ak+,  t)hi {qj, x j (ak- , t ) )  (15) 
k = l  

be a maximum with respect to constrained qI. For the case 

where ql is independent of t, the conditions $5 dt = 0 

and $d H1 dt a maximum must hold for unconstrained 

and constrained ql, respectively. 

0 aql 

Finally, for wj ( z )  to be optimal, it is necessary that 

'The convention that a repeated subscript denotes a sum over that 
index is used throughout. 
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Fig. 1. The multiple-bed reactor system. 

for unconstrained wj and 

HZ = GZ + pj(z, O)wj(z) (17) 
be a maximum with respect to constrained wj( z )  . For 
the case where wi is indeDendent of z. the conditions I 

1 s' - ' H Z  d z  = 0 and Hz dz  a maximum must hold 
0 awi 

for unconstrained and constrained wj, respectively. 
The adjoint variables are defined by 

(18) 

for the case where x and y are unspecified at z = 1, t = 1, 
respectively. Also the discontinuities in the adjoint variable 
X from bed to bed are given by 

A second-order necessary condition is that the second vari- 
ation a2Z be nonpositive for all small unconstrained varia- 
tions. This reduces to ( d 2 H / d 2 u k )  being negative semi- 
definite for optimal controls u k  ( z ,  t )  . However, for u k (  t )  , 
u k  ( z )  there is no easy way to check the second-order con- 
dition, although the condition ( a 2 H / d U k 2 )  negative semi- 
definite is sufficient (not necessary) in this case. The proof 
of this theorem can be found in reference 5. 

Although this maximum principle provides a basis for a 
large number of computational algorithms, we shall choose 
as in I to use a modified gradient method to correct an 
initial guess of the control. The computational algorithm 
is given in detail in I. The only modifications necessary 
for the multiple-bed case are inclusion of the spatial dis- 
continuities in x and X when integrating by the method of 
characteristics. 

Through a slight modification of this maximum principle, 
the necessary conditions for reactors with interstage re- 
cycle (for example, part of the effluent from stage j is fed 
to stage k )  can be obtained. However, since the computa- 
tional algorithm for such systems is somewhat more in- 
volved, a subsequent paper will deal with recycle problems. 

EXAMPLES 

To illustrate the computational properties of this algo- 
rithm, a number of examples will be worked in detail. As 
in I, we shall assume there is but one catalyst activity 
whose decay is given by 

where 0 6 w1 6 1 is the initial catalyst activity in the 
beds, and Tk is dimensionless reactor temperature in the 
kth bed. 
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In solving the state and adjoint equations (by the 
method of characteristics) for these examples, the spatial 
direction was divided into three equal s e c t i o n s 4  6 A 

1/3, 1/3 z 6 2/3, 2/3 6 z 4 1-usually with 16 mesh 
points in each section. In  the temporal direction, normally 
124 mesh points were used in the interval 0 6 t L 0.23 
and another 124 in the remainder 0.25 6 t 6 1. 

We shall treat three separate kinetic schemes in both 
isothermal and adiabatic reactors as well as find the best 
catalyst loading and interstage feed distribution for the 
adiabatic reactor case. 

0.080 
0.078 
0076 
0.074 

ISOTHERMAL REACTORS 

The optimal isothermal temperature for three beds 
with pure catalyst and no interstage feeds was determined 
for the following examples. 
Irreversible First-Order Reaction (A1 + A d  

For this case the state equations are 

/ 0.9 
- 0.8 - '\, 

- ' \ \  - 0.7 

0.6 - 

UI  

c,  - 
'\ 

\ 

q ( 0 , t )  = 0 k = l  

XI( m-, t) = XI( 1/3+, t) 

X1(2/3-,t) = ~1(2/3+,  t) 

k = 2 

k = 3 

where the control uk is temperature in kth bed and XI is 
the dimensionless extent of reaction. The objective is to 
maximize the total amount of A? produced subject to Uk 6 

0.080. Thus our objective functional is 

=.?! 

I = i1 ~ ~ ( 1 ,  t ) d t  

and our control corrections are made in the direction 

where 
c o i  

The results in Figure 2 for the parameters shown were 
found from two starting points u k ( t )  = 0.080 and t ik( f )  = 
0.075. In  each case the gradient method stopped at  the 

policy shown and A Hdz increased at  each iteration. 

The value of the objective for this policy was I = 0.8917. 
By treating this example as a lumped-parameter problem 
(possible only for isothermal reactors), Crowe (2) was 
able to show that the policy shown in Figure 2 is a saddle 
point and not a maximum of the Hamiltonian. In addition, 
Crowe produced a purely bang-bang policy which gave 
an improved I over the results in Figure 2. Using this as 
another starting point for our gradient method, we found 
the policy shown in Figure 3 (with I = 0.9004). As can 
be seen the policy is composed of switching the tempera- 
ture in each bed between upper and lower bounds with 
short constant conversion paths sometimes arising. Because 
our control is only a function of t ,  we cannot easily check 
the second variation condition 8 9  0 in this problem. 
Thus this result cannot be claimed an optimum, but it is 
where our gradient method stopped improving I .  

Further examples of reversible exothermic reactions and 
consecutive reactions were also treated in isothermal reac- 
tors with very good results; see reference 5. 

1 

I . 0 tK=3  ,, I---------- 10.080 
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2. First-order irreversible reaction example; isothermal reactors. 

0.04 1 0 . 7 0  

Fig. 3. First-order irreversible reaction example, isothermal reactors. 

T H E  A D I A B A T I C  REACTOR 

As in I we will treat some examples of adiabatic reactor 
operation-this time in multiple beds. We recall that in 
the kth bed the reaction temperature T~ is related to the 

Page 367 Vol. 17, No. 2 AlChE Journal 



inlet temperature ?kO and extent of reaction by 
r 

0.080 

0.076 

0.072, 

0.04 

i= l  
k = 1,2, . . . N (26) 

0.90 
"I 

, - 0.70 
c, 
- 

, 
'\, 

'\ -5. -0.50 -. 
.''-$.40 

- I 1  
I I $0.0 1 L----$ 

so that we may exercise some control over reaction tem- 
perature by adjusting the inlet temperatures 7k0. We shall 
now consider the same kinetic schemes as treated above 
to illustrate the optimal policy under adiabatic operation. 
The state equations are the same as above, except that 
reaction temperature is given by Equation ( 2 6 )  where 7kO 
is our control variable u k .  

Irreversible First-Order Reaction (A1 3 Az)  

The results for irreversible first-order endothermic reac- 
tion are given in Figure 4. The control policy shown was 
found in four ascents and 4 min. computing time* from 
two starting points, and constant conversion again appears 
to be the extremal policy in multiple-bed reactors for this 
case. When this result is com ared with the same case in 

some advantage over a single bed. This is due to the better 
temperature control possible in multiple beds even when 
the inlet temperatures are the same as in Figure 4 

However, the previous isothermal reactor results led us 
to suspect that constant conversion might not be optimal 
even though it is an extremal policy. Thus a bang-bang 
starting point was used and the gradient method applied 
again with the result shown in Figure 5. The value of the 
yield for this policy is Z = 0.8969, compared to the value 
I = 0.8888 for the constant conversion policy shown in 
Figure 4. This leads one to suspect that the policy shown 
in Figure 4 is a saddle point, whereas Figure 5 may be 
close to the optimum. 

Reversible First-Order Reaction (A1 A21 

single beds, the multiple-be B reactor is found to have 

For this case the state equations become 

- f l2 exp ( -  PI [ u k I - l ) x l I  = f l  (27) 
with the discontinuity conditions given by Equation ( 2 2 )  
and u k  given by Equation (26). The objective functional, 
steepest ascent direction, and bed lengths are given in 
Equations (23) to ( 2 5 ) .  The results for the first-order 
reversible exothermic reaction are given in Figure 6. The 
control policies were found after five ascents and 5 min. 
computing time from two different starting points, and 
show that the falling temperatures from bed to bed give 
about a 6% advantage over the optimum found in I for a 
single bed. This is due to the ability to approximate more 
closely the maximum reaction rate temperature in multi- 
ple beds. 

Consecutive First-Order Reactions (A1 + A2 --* A s )  

The state equations for this case are 

axl 
az 

8x2 - 

- = &/i exp ( -  u k - ' )  (1 - X i )  = f i  (28) 

-- &yl eXp (- pl c U k 1 - I )  ( x 1  - x2) = 6 (29) az 

with discontinuity equations in both x1 and x2 in the form 
Of Equation (22 )  and uk given by Equation (27). The 
objective remains the maximum production of A,, but this 
now takes the mathematical form 

All computing times quoted are for an IBM 360/75. 

I = ' 0  r [ X ' ( l , t )  - X Z ( 1 ,  t ) ] d t  (30) 

The results shown in Figure 7 were found in about six 
ascents and 5 min. computing time from two starting 
points. Since the objective functional is essentially the 
same as for the single-bed problem solved in I, at first 
there appeared to be no great advantage to multiple beds 
in this case. However, this result is due to the fact that 

X I  

0.4 = 2 x 1 0 ~  0.06 8 c 
0.064 i 

0.0 0.2 0.4 0.6 0.8 1.0 
t 

Fig. 4. First-order irreversible endothermic reaction example; adia- 
batic reactors. 
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Fig. 5. First-order irreversible endothermic reaction example; adi- 

abatic reactors. 
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:ig. 6. First-order reversible exothermic reaction example; adi- 
abatic reactors. 

alling temperature profile in the single-bed reactor is 
ilmost identical to the optimum multiple-bed profile for 
this particular set of kinetic parameters. In general, multi- 
ple beds should have advantages over single beds for this 
system. 

A FEED ALLOCATION PROBLEM 

In order to illustrate the algorithm when it is desired to 
allocate feed optimally between beds, we will find the 
optimal adiabatic temperature policy, the optimal feed 
distribution, and optimal residence time in each bed simul- 
taneously using our algorithm. Suppose we have the well- 
known reaction A1 * A2 taking place in three beds. We 
think that we may be able to operate to some advantage 
by splitting our feed A1 between the three beds and vary- 
ing the total residence time over the lifetime of operation. 

Our objective functional for this problem is 

- C1[1 - xl(1, t )  - C 3 ~ l ( l , t ) ]  dt (31) i 
where the first term represents the value of A2 produced, 
the second term the cost of separating A1 from the prod- 
uct stream, and the last term is the cost of reactant A1 
consumed. The quantity 

7 

q k = c  q i k  k = l , 2 ,  . . . .  N (32) 
i=l 

is the total flow rate of feed to stage k, and for this exam- 
ple is composed entirely of A1. 

The state equation for this problem becomes 

X i  
0.7 

0.6 

0.5 

0.4 

0-3 

0.2 

0.1 

PI = 2.675 x 10" .̂  JI =-0.0025 I 
P 2 =  2.305 x 10" J2 = -0 0050 
p = 2.5 x lo6 
PI = 1.6666 
P = 1.8 0 

I 
I 

/ -  I 

0.0 0.2 0.4 06 0.8 1.0 
t 

Fig. 7. Consecutive first-order reaction example; adiabatic reactors. 

[ j = 1  c q  
A h  

where r)o = 0. In this example 81, 8 2  are defined so that 
the spatial direction is a dimensionless reactor volume. 
Thus if we pick three beds of equal volume, then the dis- 
continuity vector a is given by Equation ( 2 5 ) .  

If we solve the control problem with only the constraints 
r)k 0 on the feed control vector, we will automatically 
get the optimal residence time in each bed from the 
algorithm. 

Using our modified gradient method and making our 
corrections in q k  at each ascent ir, the direction 

(35) 

we obtained the results shown in Figure 8 for C1 = 0.25, 
Cs = 0.40. The policy shown was obtained from two dif- 
ferent starting points in about ten ascents and 7 min. com- 
puting time. These results, when compared with the opti- 
mal policy (at the same total throughput) for a single-bed 
reactor of the same total volume but with constant flow 
rate, showed a 28% improvement in the objective. A simi- 
lar comparison with an optimal constant flow rate, three- 
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Fig. 8. Adiabatic temperature policies with interstage feed dis- 
tribution. 

STARTING POINT A - 

bed reactor showed that varying the flow rate optimally 
produces about 1% improvement in the profit. I t  is inter- 
esting that the optimal policy is to decrease throughput as 
the catalyst decays to maintain the conversion from the 
reactor essentially constant, a common industrial practice. 

THE COMPLETE PROBLEM 

Let us now consider the previous example but with the 
additional complication that catalyst is expensive (with 
cost a )  and the loading must be picked optimally. In this 
case the objective functional is given by 

K =  I 
0-085 / 

J 

I 1 1 K-2,3, 1 

- a f w l ( z ,  0)dz (36) 

From Equations (16) and (17) it is seen that for beds 
in which 

[where pl(z, 0) are the values from the previous pure 
catalyst example], pure catalyst is the optimal loading. 
In the previous case it was found that 

a L p l ( z , O )  ( 3 7 )  

min {pl(z, 0 ) )  = 0.105 (38) 
z 

so that for a 4 0.105 pure catalyst is the optimal policy 
in each bed. The optimal policy for a = 0.15 was sought 
from two different starting points and the points where 
the gradient method stopped are shown in Figures 9 and 
10. Even though the temperature controls and state vari- 
ables are nearly identical for the two policies shown, the 

1 I I , I I I I I I I I I 1 

STARTING POINT B 

0 4  
X I  

0 2  

P I  = I 667 
P - I 6 4 8  
J I - 0 005 

Fig. 9. The complete problem. 

differences in the flow rate and catalyst loading controls 
produce a difference in the objective of about 2%. The 
optimum is probably somewhere between the two policies 
shown. 

The convergence difficulties here are probably due to 
the singular nature of the flow rate and catalyst loading 
control policies, which are known to be resistant to gradi- 
ent methods. The computing times, however, were still 
very modest, for example, polic A required only eight 
ascents and 7 min. computing e i ort. 

CONCLUSIONS 

We have extended the theory for single beds developed 
in I to multiple-bed reactors suffering catalyst decay. In 
addition we have illustrated in great detail how the opti- 
mal policies can be synthesized for a number of exam- 
ples. The good convergence of gradient methods for such 
systems is quite remarkable, particularly in the cases where 
optimal catalyst loadings and feed distributions were 
found, because these policies are singular ones for which 
solution by gradient methods is usually very difficult ( 4 ) .  
Since all of our examples showed reasonably good con- 
vergence, it is impossible to say with certainty whether 
this very desirable property will carry over to more com- 
plex problems. However, the fact that we have been able 
to find saddle points (Figures 2 and 3) by climbing with 
our gradient method should make one cautious in pro- 
claiming a numerically determined policy optimal. Never- 
theless, the theory presented is an adequate and useful 
framework to study multiple-bed catalyst decay problems, 
and the computational algorithm is adequate for improv- 
ing existing operating policies. 

Since many reactors subject to catalyst decay are oper- 
ated in n cyclic fashion-with one or more reactors being 
regenerated while others are operating-work is in prog- 
ress to study the optimal control of such reactors. This 
mode of operation is particularly appealing for irreversible 
reactions for p > 1 in light of the optimal policies shown 
in Figures 3 and 5. These indicate natural periods of no 
throughput for each reactor and if these periods of time 
were used for catalyst regeneration, then the optimums 
shown could certainly be improved. 
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NOTATION 

n 

A0 

= average cost of catalyst over the lifetime of oper- 

= pre-exponential factor for fouling reaction rate 
ation 

Fig. 10. The complete problem. 
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constants 

constant 
Aio = pre-exponential factors of main reaction rate 

C, = specific heat of reaction mixture 
C1 = cost of separation of reactant from product 
Cz = cost of separation of byproduct from product 
C3 = cost of  reactant 
E = activation energy of fouling reaction rate constant 
Ei = activation energies of main reaction rate constants 
f( = rate of the ith chemical reaction 
G, GI, Gz = integrands of objective functional 
gk‘ = rate of the kth fouling reaction 
H ,  H I ,  H2 = Hamiltonians 
A H ,  = heat of reaction of the ith chemical reaction 
hi = blending function 
I = objective functional 

r 

L’ 
P = pressure 
p = E l / E  

q{ = reference feed rate 
qk’ 
qk = dimensionless feed rate vector to kth bed = 

T = temperature 
t‘ = time 

u k  
V = total reactor volume 
w ( z )  = initial catalyst activity along the reactor length 

= total reactor residence time 

p1 = E2/El 

= feed rate vector to kth bed 

qk’/qo’ 

t = t ’ /e 
= control variable vector in the kth bed 

x, y = state variables 
z’ 
z = dimensionless spatial coordinate 

Greek Letters 

= residence time in the reactor 

spatial coordinate of end of ( k  - 1) st bed 
spatial coordinate at beginning of kth bed 
A10 - L 
A20 * L 

&oV/qo’ 

AzoV/qo’ 
scalar constant 
total on-stream time 
adjoint variables 
extent of the i* reaction, or concentration of ith 
species 
A08 
RT/E1  
instantaneous catalyst activity for the kth cata- 
lytic agent 
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Diffusion and Reaction in Ideal 
MuI ticom ponen t Systems: 
1. Tubular Reactor near Equilibrium 

R. L. SOLOMON and J. L. HUDSON 
University of Illinois, Urbono, Ill inois 

Diffusion and either surface or gas-phase reaction in a ternary ideal gas mixture in steady 
fully developed laminar flow in a tube is considered. The linearized equations valid near 
equilibrium and under isothermal conditions are solved. Concentration profiles predicted using 
a multicomponent diffusivity matrix are compared to those predicted using more approximate 
diffusivities. Local overshoots past equilibrium occur, but oscillations (with axial position) are 
not possible. A simplified diffusivity expression is found which predicts cup-mixing mole 
fractions in good agreement with those predicted using the multicomponent diffusivities. 

In a multicomponent mixture the diffusional flux of each 
component depends on the spatial variation of the concen- 
tration of all the species. If the fluxes depend linearly on 
the mole fraction gradients according to an expression of 
the form 

(1) 

and if no chemical reaction occurs, the species mass bal- 

N 

Ji' = - c 2 Dija V X ~  
3=1 

R. L. Solomon is at Manchester University, Manchester, England. 

ances can be uncoupled; the solutions of the equations 
governing the multicomDonent svstem can then be found " " 
in terms of solutions of analogous binary problems (6, 7, 
27, 29, 30) .  

If a chemical reaction occurs the species mass balances 
can not, in general, be uncoupled (31). Interesting and 
important effects due to the coupling in diffusion and reac- 
tion can occur in multicomponent systems. Toor (31)  
considered transient diffusion and gas-phase reaction in a 
one-dimensional nonflow multicomponent system. The 
linearized equations were solved by separation of variables. 
Toor showed that the eigenvalues for an ideal system near 
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